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The focus of this paper is the use of physics-informed neural networks (PINNs) in
redicting the incompressible flow field in artificial veins of circular cross-section.

The blood properties used in this analysis are a density of 1060 kg/m3 and dynamic
viscosity of 3.5 x 10~ 3 Pa-s, which gives a Reynolds number of 160.6 for a vessel with
diameter of 5.3 mm and an average axial velocity of 0.10 m/s. The two benchmarks
analyzed in this investigation include (i) a healthy vein without any constrictions and
(ii) a smoothly stenosed vein having a cosine-shaped narrowing that reduces the
cross-sectional area by 20% at the midpoint of the vein. In both cases, a fully-
connected PINN is designed to approximate the axial velocitff field with exact no-slip
boundary conditions. The first case involves training the PINN network against the
analytical Hagen-Poiseuille solution, where the resulting velocity error norms are
small and hence a parabolic flow profile together with zero wall velocities is recovered
accurately. The second case uses an artificially-defined target velocity field consistent

with the geometry of the smoothly-stenosed vein, where the network's ability to

recover the faster flow and larger shear stress in the narrowing region is analyzed.
Supplementary qualitative flow solutions from SimScale CFD simulations serve as a
comparison guide for assessing the velocity profiles in Eartlcular and the pressure

drop at the throat in the stenosed vein.-

Introduction

A proper hemodynamics study is needed to analyze the
transport mechanism of blood in both normal and pathological
blood vessels. Indeed, even slight changes in the lumen size
may impact significantly on the flow field. Specifically, any
local change in the vessel size impacts the velocity
distribution, head loss, and wall shear stresses which are key
quantities for research in biomedicine. Therefore, it is vital to
have a proper mathematical model of the blood flow to
perform relevant analysis.

Typically, blood flow in the veins was analyzed based on
numerical simulation, specifically via CFD. While this
method proved to be reliable, in some cases CFD simulations
require substantial computer power when performed
repeatedly and proper meshing, especially in case of complex
geometry. The above factors motivate the search for
alternatives that could help minimize the dependency on mesh
generation but keep the physical accuracy of computations.

In recent years, physics-informed neural networks (PINNS)
have gained traction as an important methodology in scientific
machine learning for the problem with PDE-governed
physics. Unlike traditional neural networks, PINNs
incorporate the knowledge about governing equation and
boundary condition directly in their training procedure,
ensuring the satisfaction of constraints and boundary

conditions. In the current study, a hard-constrained approach
to solving fluid dynamic problem is used, which enforces the
no-slip wall condition directly via a network architecture, not
in a penalizing fashion as done traditionally.

The study begins with a simple case of straight vein as the
baseline geometry, where the Hagen-Poiseuille equation is
used to calculate the expected results. Later, the problem
statement is generalized to the problem of blood flow in
stenosed vein where geometric constriction is specified and
the velocity profile is defined to validate the solution. The
present paper must be understood as a benchmark and hybrid
PINN analysis and not a complete Navier-Stokes equation
residual solution, with the purpose of establishing grounds for
further generalization.

Title page

Of course, the title of the paper is succinct yet revealing:
Physics-informed neural network solution of incompressible
blood flow in a 3D straight idealized vein. No abbreviations
have been used in the title to make the topic explicit.

The author name as Sankara Narayanan. The author
conducts independent research in the field as a student located
in Silvassa, Dadra and Nagar Haveli and Daman and Diu,
India.

The collaborating authors, when added in further iterations,
can be acknowledged in the acknowledgment section.\
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Abstract

Abstract

This section is self-contained and states the motivation, the
key findings, and conclusions of this research.

In this paper, | have compared a healthy straight vein and a
smoothly stenosed wvein via a velocity-only PINN
configuration. For a healthy vein, the analytical solution for
the Hagen-Poiseuille flow was used, while for a stenosed vein
a radius-dependent velocity target was set. As seen from
Fig.1, the results are very accurate in the case of a healthy
vein, and a reasonable approximation of the target field was
obtained in the case of a stenosed vein.

Final abstract shall be no longer than that of a full-length
article and shall contain the blood model, geometry, PINN
approach, and the validation procedure. In addition, it should
be noted that in this paper, we establish a basis for extending
PINNSs for more complicated venous geometries.

Keywords

Physics-informed neural networks; blood flow; straight vein;
hemodynamics; Hagen—Poiseuille flow; stenosis; Navier—
Stokes equations.

Introduction:

Blood flow modeling is central to contemporary

biomedical engineering, cardiovascular sciences,
and computational hemodynamics. Knowledge of
the transport characteristics of blood in healthy or
pathological vessels is critical in understanding
hemodynamic phenomena, diagnosing vascular
diseases, and developing computational models to
support clinical decisions. There exist many forms
of vascular diseases, but stenosis, which refers to
the reduction of diameter in a blood vessel, has
significant effects on velocity profiles, pressure
distribution, and wall shear stresses. These changes
are often associated with improper blood flow,
formation of blood clots, and vascular diseases.
Blood-flow computations have traditionally been
done using Computational Fluid Dynamics (CFD)
techniques, whereby solutions are obtained
numerically  from  discretized computational
domains. While CFD has gained popularity in the
study of cardiovascular flows, it faces problems
with grid generation and computation costs.
Recent advances in scientific machine learning
include the development of physics-informed
neural networks, which involve using artificial
intelligence to solve partial differential equation-
based problems. This approach differs from data-
driven neural networks as it takes into account the
equations and physical properties throughout the
training phase to produce solutions that comply
with the principles of physics. These capabilities
are of great interest for applications in fluid
mechanics, heat transfer, structural mechanics, and
bioengineering.

In this research paper, the use of hard-constrained
physics-informed neural networks in simulating
flows of incompressible blood in both normal and

idealized vein structures. First, the simulation of a
healthy vein in a straight configuration where there
Is a known analytical solution in terms of Poiseuille
solution is studied to test the convergence of the
proposed methodology. Following this, a
simulation involving an idealized vein structure,
which has a gradual reduction of 20% of the area
along with a manufactured velocity field that
produces local flow acceleration

While classical PINN models incorporate boundary
conditions via the use of penalty terms in the loss
function, in this paper, the model ensures
fulfillment of the no-slip wall boundary condition
via the implementation of exact wall constraints
within the neural network itself using shape
functions.

In order to validate the physical correctness of the
developed framework, the results from the velocity
and pressure field data generated from the SimScale
CFD simulation model are evaluated qualitatively.
Specifically, emphasis is placed on velocity
acceleration at the stenosis throat, pressure
variation in the constriction region, convergence,
and accuracy.

Major goals of the present project include the
following:

1)Development of a hard-constrained PINN model
for simulating incompressible flow of blood
through artificial veins.

2)Verification of the hard-constrained PINN model
in terms of healthy wveins against the analytic
solution of Poiseuille’s equation.

3)Numerical simulation of the blood flow dynamics
in the stenosed veins problem.

4)Estimation of the convergence and accuracy of
the proposed mathematical model.

5)Comparison of the results of the PINN approach
with the results produced by CFD simulations.

The present work can be regarded as a
benchmarking case study for hard-constrained
PINNSs in the realm of vascular dynamics

2. Materials and Methods

A combination of two benchmarking scenarios was used in
the methodology: (i) a straight-healthy vein case and (ii) a
stenosed vein case with a localized narrowing. PINNs were
trained on each case separately to estimate axial velocity
profiles in these geometries. In the first scenario, PINNs
performance was compared with that of the analytical
Poiseuille solution, while in the second one, with that of a
manufactured target profile. CFD simulations carried out in
SimScale served for visualizing wvelocity and pressure
distributions as qualitative validation measures. Overall
methodology is schematically depicted in Fig. 1.
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2.2 Physical Properties of Blood
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Fig. 1. Overall workflow adopted for the development and validation of healthy and stenosed vein PINN models.

Parameter Symbol Value

Density p 1060 kg/m’

Dynamic viscosity ol

Kinematic viscosity v

Mean velocity

0. 0035 Pa. s

3.30 X 10° m?®/s
Umean 0.10 m/s

Maximum velocity Umax 0.20 m/s

Blood was assumed to be incompressible, Newtonian, and isothermal. Although blood exhibits non-Newtonian behavior at low shear rates, the Newtonian
assumption is widely employed in benchmark hemodynamic investigations and provides sufficient accuracy for the present study.

2.3 Geometry Definition

he healthy vessel was modeled as a straight axisymmetric
cylindrical vein having a radius of 2.65 mm and a total length
of 100 mm.

Table 2 ;

Parameter Value
Radius 2.65mm
Length 100 mm

Diameter 5.30 mm

FIGURE 2

" L =100 mm |
Inlet ! Radius R = 2.65 mm Outlet
(Velocity Inlet) — (Pressure Outlet)
RPN =
— r = 0 (axis) P = Pout
.

’

L, z Wall (No-slip) Cross-section (z = constant)

u=0,u; =0

.......................................... 3 R =265mm
i Geometry: i

!« Straight axisymmetric cylindrical vein z

| « Radius R = 2.65 mm (diameter = 5.30 mm) |

|+ Len, 0 mm

Fig. 2. Axisymmetric healthy vein geometry used for analytical and PINN benchmarking.

Stenosed Geometry

A smooth axisymmetric stenosis was introduced at the
midpoint of the wvessel. The radius variation followed a
cosine-based formulation to ensure geometric smoothness and
avoid discontinuities.

, 1+ cos(mp)
2

R(z) =R, [1 -(1-0a)
Where,

b = 2(z — zy)

Velocity Magnitude = m/s v
[ 15671 3135e-1 47021 6269e1  7.837e-1

A A

Fig. 3. Idealized stenosed vein geometry showing the localized 20% area reduction at the vessel midpoint.

2.4 Governing Equations
Continuity Equation
V -u=0 (1)

Navier-Stokes Equation
p (g—?+u : Vu) =-Vp+uv?u (2
Reynolds Number

pUD
u

Re =
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Using parameters from Table 1:
Re=160.6
Indicating laminar flow

2.5 Physics-Informed Neural Network
Architecture

The velocity field was approximated using a fully connected
feed-forward neural network. The network accepted radial
and axial coordinates (r,z)(r,z)(r,z) as inputs and predicted the
axial velocity component uz.

Table 3

Parameter Healthy Vein Stenosised
Vein

Inputs 2 2

Hidden Layers |5 6

Width 32 32

Activation Tanh Tanh

Output 1 1

Figure 4

Physics-Informed Neural Network (PINN) Architecture
Fully connected feed-forward neural network

Hidden Layers

Layer 1 Layer 2 Layer 3
Input Layer (48 neurons) (48 neurons) (48 neurons)

o (@
YoXloXloXd
A NK Y

JOGO

Activation Function:  tanh (-)

Layer 4 Layer 5 Layer 6
(48 neurons) (48 neurons) ) (48 neurons] )

Coordinates

(r.z)

Axial Velocity

2.6 Hard Boundary Condition
Formulation

Healthy:

w2 =(1-S)NrD) @

Equation (4) says that the wall velocity becomes zero at r=R,
hence satisfying the no-slip boundary condition without
bringing additional terms into the loss function.

Output Layer

Stenosis:

r2

U, (1, 2) = (1 - R(z)z) N(r, z) (5)

radius function R(z) within the velocity formula would be
advantageous, as it accounts for the true shape of the stenosed
artery. Stenosed blood vessels are constricted along entire
length, so a varying R(z) better reflects the true anatomy of a
blood vessel than a fixed pipe size. This ensures greater
accuracy in CFD and PINN calculations.this can derive from
Poiseuille flow and ease derivative evaluation.

2.7 Loss Function

Healthy:

Lstenosis=Ldata + Laxis (6)

de=10, Wai=10

Wdata=100 i Wai=10

Data Loss.

_ 13N 2
Laata = N i=1(upred,i — Utrye,i) (7)
Axis Condition:

auy

or =0,

Atr=0

Axis loss:

1N ou, \°
Laxis = Nzizl (W |l)

2.8 Training Procedure

Table 4
Parameter Healthy Stenosed
Optimiser Adam Adam
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Learning Rate | 0.001 5x10*
Epoch 4000 9000
Scheduler StepLR StepLR
Device GPU(Cuda) GPU(Cuda)

2.9 CFD Simulation

CFD simulations were performed in SimScale to provide qualitative
verification of the hemodynamic trends predicted by the PINN

models.

Boundary Table

Boundary Condition
Inlet Velocity Inlet
Outlet Pressure Outlet
Wall Wall (no-slip)
Figure 5

0

A

Velocity Magnitude = m/s ™

1567e-1 3.135e-1 47021 6269e-1  7.837e-1

1
.|

A

Fig. 5. CFD velocity magnitude distribution within the stenosed vessel.

Figure 6

Fig. 6. CFD pressure distribution illustrating pressure reduction across the stenosis throat.

3.1 Healthy Vein Benchmark

Validation
3.1 Verification of Healthy Vein Benchmark

This problem has been chosen initially as a test to evaluate the
potential of the suggested constrained PINN model to capture
an analytical solution. Since the flow Reynolds number was
about 160.6, laminar flow was assigned and analytical
solution of Poiseuille’s equation could be adopted as the exact
benchmark. Therefore, the healthy-vein benchmark represents
an adequate test to validate the neural network design,
training method, and boundary condition enforcement
technique.

The main task in verifying this benchmark is whether the
network would be capable to capture the parabolic velocity
profile of incompressible laminar fully-developed flow
satisfying the no-slip wall condition and axisymmetry
constraints.

Figure
Axial velocity profile at z = L/2

0.200 4

=== Analytical Poiseuille
—— PINN (hard-BC)

0.175 4

0.150 4

0.125 4

0.100 4

u_z [m/s]

0.075 1

0.050 +

0.025 4

0.000 +

T
0.0 0.5 1.0 1.5 2.0 2.5
r [mm]

Fig. 7. Comparison between Poiseuille velocity and healthy-vein PINN prediction
at z = L/2 from healthy vein PINN

While a near-perfect prediction was attained for almost the
entirety of the domain, it can be noticed that the centerline
velocity was accurately predicted while smoothly decreasing
to zero towards the vessel boundary. It can be stated that
imposition of the boundary.

As illustrated in Figure 7, an excellent predction was obtained
between the results and the predictions of the PINN across the
entire vessel radius!

condition on the wall can be attributed to the hard-
constrained formula given by Eqn 4.which
analytically zero velocity at the vessel boundary.

Quantitative analysis yielded a maximum absolute
error of :
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1.60 x 10 * m/s?
and a relative L. error of :
6.45%10* m/s?

corresponding to approximately :

0.0064% relative error

These values indicate extremely high predictive accuracy and
demonstrate that the PINN was capable of reconstructing the
analytical velocity field with negligible deviation.

Table 6 :

Healthy PINN accuracy Metrices

Metric Value
Max Error 1.60 x 10 m/s
Relative L, Error 6.45 x 10

Max wall velocity 2.41 x 10--8 m/s

Axis Velocity Range 0.1991-0.2013 m/s

From the results shown below in Table 6, it can be
said that the proposed hard-constrained PINN
approach has very high efficiency in prediction of
flow velocity of blood in the healthy vein. Having
an analytical solution for the Poiseuille velocity, the
current case study becomes a perfect choice in
assessing the efficiency of the model.

The maximum absolute error recorded was

1.60 x 10* m/s
which is relatively small in comparison to the flow
velocity in normal conditions. This shows that the
PINN velocity prediction is almost equal to the
analytical velocity. Additionally, the maximum
absolute error is almost one-tenth of one percent of
the centerline velocity
The relative L2 error was found to be

6.45x10™

and corresponded to about

0.064%

of the norm of the analytical solution. Thus, the
relative error being so small indicates that there
were negligible differences between the predicted
and exact solutions for the problem considered.
Specifically, the network managed to accurately
simulate not only the centerline velocity value but
also its gradual drop to zero towards the vessel wall,
resulting in a perfect reproduction of the well-
known parabolic profile of the Poiseuille flow.

One of the most important findings was the near-
zero velocity observed on the wall during validation
of the model. The maximal velocity found in
proximity to the wall equals

2.41x108 m/s,

which is basically zero within the limits of machine
precision.  This indicates the  successful
implementation of the hard boundary condition said
in Equation (4). Contrary to conventional soft-
constrained PINNSs, where the conditions at the wall
are imposed using penalty terms in the loss function,
in the current case, the condition is implemented
directly into the neural network structure.

The distribution of wvelocity in the longitudinal
direction of the tube provides further proof of the
consistency of physics in the model. The calculated
values of the centerline velocity were from 0.1991
m/s to 0.2013 m/s, which is an indication of very
small variance within the whole length of the vessel.
Such low variance is characteristic of the fully
developed flow in a straight cylinder, where the
velocity profile does not depend on the longitudinal
coordinate of the vessel. Thus, the results prove that
the model successfully learned the characteristics of
axially symmetric flow behavior.

To sum up, as Table 6 shows, the analysis clearly
demonstrates the effectiveness of the proposed
methodology from both numerical and physical
perspectives. First, the extremely low value of the
error, the complete fulfillment of the wall
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conditions, and the stable centerline velocity profile
demonstrate that the suggested approach is
effective in modeling the flow of incompressible
fluid within the vessel. This work lays a solid
foundation for future modeling in more
complicated shapes, for instance, in the presence of
stenosis.

3.2 Boundary Condition Verification

A crucial goal with the implementation of the hard-
constrained PINN approach was the satisfaction of wall
boundary conditions through architecture design without
employing losses functions for penalization.

Wall velocities were computed along the whole pipe
geometry.

The maximum value of wall velocity obtained was

2.41 x 108 m/s.

Since this quantity is negligible considering numerics, the no-
slip condition is achieved over the entire computational space.

Also, the centerline velocities were found to be nearly
constant along the length of the geometry, changing slightly
from

0.1991 t0 0.2013 m/s.

It can therefore be concluded that axisymmetric properties
have been successfully enforced using this method.

Consequently, an evident benefit of hard-constrained PINNs
in comparison to their soft-constraint counterparts is the
avoidance of approximations associated with boundary
conditions.

3.3 Training Convergence Analysis

Training loss (hard-BC PINN)

107 4
102 -
101 4
100 -

101 4

Total loss

1072 4
10—3 -

1074 4

1075 §

T T T T T T T T
0 500 1000 1500 2000 2500 3000 3500 4000

Epoch

Fig. 8. Training-loss evolution for the healthy-vein PINN.
mber that we will need high-

As illustrated in Fig. 8, the training history reveals a
quick convergence process in the early stage of
optimization. It took only hundreds of epochs to
decrease the loss function to several orders of
magnitudes until an asymptotic convergence point
was approached.

It is clear that no oscillation appeared due to the
effectiveness of learning rate decay.

This kind of convergence implies that the analysis-
based embedding of the boundary condition made

the optimization process simpler than soft-
constrained PINNS.
3.4 Stenosed Vein Flow Analysis
Axial velocity at stenosis throat (z = L/2)
0.20 4
0.15 4
E 0.10 4
I\II
> 0,051
0.00 4
——- Ideal stenosis target (throat)
—0.05 4 —— Stenosis PINN (fixed)
O.IO O.IS l.IO l.l5 2.|0 2.|5
r [mm]

Fig. 9. Comparison betweenideal stenosis target and PINN prediction
at the stenosis throat.

flow due to reduced area around the throat area of
the vessel.
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The PINN managed to accurately simulate the
higher velocity at the centerline and consequently
the steeper gradient in the velocity field.

Unlike the healthy benchmark, minor differences
were noted between the target data and the
predictions from the trained model.

This may be as a result of an increase in complexity
due to the variable radius of the vessel.

The highest absolute error was recorded as
2.22x102ml/s

The relative Lz error was computed to be

0.1001
or
10.001%.
Table 7
Stenosis PINN accuracy metrices
Metric Value
Max error 2.22 x 10”°m/s
Relative Ly error 0.1001
Max wall velocity 0.0
Centerline Velocity 0.2028 m/s?

3.5 Stenosis Training Convergence

Training loss (fixed stenosis PINN)

103 4

102 4

101 i

loﬂ i

Total loss

10—1 4
1072 5
10_3 E T T T T T
0 2000 4000 6000 8000
Epoch

Fig. 10. Training convergence history for the stenosed-vein PINN.

The plot presented in Fig. 8 demonstrates the
changes in the total loss for the training process of
the physics-informed neural network trained to
represent a stenosis. These results allow us to draw
important conclusions regarding the convergence
and learning capabilities of the proposed method to

generate flow fields in geometrically complex
vessels.

At the beginning of the training session, when all
weights were initialized randomly, the loss function
demonstrated rather high values because there was
significant mismatch between the velocity field
generated by the network and the required stenosis.
Nonetheless, during the initial training epochs,
there occurred an extremely fast decrease in loss
values since the optimizer identified the key
features of the velocity field and made corrections
to the weight matrices.

Further along the training process, the rate of loss
reduction gradually decreased, which is typical for
training deep neural networks. This fact clearly
shows that initially the neural network started to
learn the large-scale patterns, and only after that did
it move on to learning fine details and local
variations in velocity

One thing that stands out about Figure 8 is that
there is no noticeable oscillation or divergence at
any point during the training process. Instead, there
is stability in the loss curve, which shows that the
training was optimized and the parameters for
learning rates were correctly selected. In Physics-
Informed  Neural  Networks, stability in
convergence is vital since oscillations can be an
indication that there is an imbalance in losses and
numerical issues with satisfying the physical
constraints. In this case, the training process was
successful due to the right design and parameter
choice.

After a few thousand iterations, the loss converged
to a plateau phase where any changes that were
being achieved were minimal. From the loss graph,
it is evident that the network has already captured
almost all the dynamics of the problem from the
target solution and was now refining the errors in
its solutions. Therefore, the network has entered the
stable regime of solutions where more epochs yield
little gain.

The use of 9000 epochs was necessary due to the
higher degree of difficulty in solving the problem
of flows through the stenosis geometry than the
problem of flows through a healthy vein. This is
because the analytical expression of the Poiseuille
equation in the case of a healthy vein geometry is
consistent and easy for the machine to learn.

However, in a stenosis geometry, the learning
process is difficult owing to the varying radius,



Sankara Narayanan mail id: sankaranarayanan2910@gmail.com

acceleration, and velocity gradients. Besides, the
problem of flow through a stenosis geometry
utilized a more sophisticated architecture of the
neural network than that employed in a healthy vein
problem. This implied a more complex learning
process involving many parameters to learn

From a general viewpoint, the history of
convergence shows that the PINN architecture
proposed by us is able to train properly for
nonuniform vascular geometry. The smooth
decrease of loss during training, along with the
optimization process, indicates that we have
successfully taught the neural network the
important features of blood flow through the
stenosis.

3.6 Qualitative CFD Verification
Figure 11

s _

/

Velocity Magnitude =

0 1567e-1 3135e-1 4702e-1 6269e-1  7.837e-1
| |

|

Fig. 11. CFD velocity magnitude distribution within the stenosed
vein showing flow acceleration at the stenosis throat and downstream

velocity recovery..

Velocity magnitude distributions computed for the
stenosed vein geometry using CFD modeling are
illustrated in Figure 11 above. The graphical output
generated by the CFD gives an indication about the
flow field characteristics in terms of velocity
magnitude distribution and represents an alternative
way of validating predictions made by the PINN-
based model.

From the figure above, the first striking aspect is
the acceleration of the flow velocity as it moves
towards the narrowing area (stenosis). As a result of
the narrowing, the cross-sectional area available to
the flow decreases significantly, necessitating the
acceleration process to ensure that the principle of
conservation of mass is satisfied. This constitutes a
fundamental property of the flow process, since it
must be ensured that the volume of liquid entering
the narrowing section equals that exiting the other
side.

The CFD contours also show the development of an
intense core of high-velocity flow that spans the
constricted portion of the vessel. In this core, the
fluid elements exhibit higher axial momentum,
resulting in higher centerline velocities than in the

case of healthy veins. The presence of this intense
core region is a direct indication of the target
profile used to train the PINN model, thus
confirming its ability to accurately represent the
basic flow physics related to the flow through a
constricted pipe.

Post-stenotic, the wvelocity contour begins to
approach uniformity again. With the increased
cross-sectional area of the wvessel after the
constricted part, the flow speed slows down, thus
spreading out over a larger area. This process
results in the decrease of the centerline velocity and
widening of the velocity profile. It is characteristic
for stenotic blood vessels to behave in such a way
as they recover from passing through the
constricted zone.

Indeed, the contour plots confirm the crucial
dependence of the flow pattern on the vessel
geometry, despite its idealization in the current
case. The computed velocities exhibit all the basic
flow features found in experimental and
computational works on vascular stenosis, such as
flow acceleration, increased velocity gradients, and
redistribution downstream from the narrowing,
which is crucial since the described flow dynamics
has an impact on the wall shear stress and pressure
drop that determine further disease development in
the vessel.

Qualitative comparison between the flow obtained
in the course of CFD simulation and that generated
by PINNs demonstrates a high degree of
correspondence between the two models with
regard to the basic flow characteristics. Indeed,
both approaches identify the stenosis throat as the
location with the highest velocity magnitude and
predict acceleration of blood flowing through the
narrowed portion of the vessel. In addition, the
presence of a high-velocity core inside the flow and
lower velocities in the peripheral parts of the vessel
is observed in both cases. Although no point-to-
point comparison between CFD results and PINN
solutions has been performed in the current work,
the obtained results can be considered adequate.

As far as the biophysical factors involved in the
research phenomenon, the significance of the high
blood flow velocity at the location of the stenosis
derives from the fact that there is high shear stress
at those locations, resulting in the activation of
platelets. As for another factor associated with
acceleration in the blood flow, endothelial
dysfunction should be mentioned, and therefore, it
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becomes essential to correctly predict the
distribution of blood flow velocity.

It should be noted that having analyzed the results
of calculating the velocity contour by the CFD
method, one can conclude that applying PINNs to
modeling the phenomenon in question could be
reasonable since all of the phenomena like blood
flow acceleration, high velocity core, and flow
recovery have been correctly modeled.

Figure 12

-1235 -55.1 133 817 150.1 2185

Fig. 12. Pressure distribution obtained from CFD simulation showing
pressure variation across the stenosis.

Figure 11 demonstrates the results of the pressure
distribution from the CFD simulation of the
stenosed vein. The analysis of the pressure contour
plot will provide additional insight into the
hemodynamic effects caused by vessel narrowing
and will serve as a supplement to the velocity fields
considered before. Although the current study
mainly focuses on the prediction of the velocity
fields using Physics-Informed Neural Networks
(PINNSs), pressure field analysis will give a more
complete understanding of flow dynamics in the
stenosed vein.

It can be seen from Figure 12 that there is a
significant pressure gradient along the axis of the
vessel. The maximum drop in pressure happens
near the location of the stenosis. As the blood
moves towards the region of the constriction, the
vessel area becomes smaller, and as a result, the
velocity increases. According to the principle of
energy conservation, the increase in kinetic energy
must be accompanied by a decrease in static
pressure.

This negative relationship between pressure and
speed is explained with the help of the Bernoulli
law, according to which, in case of incompressible
flow, the increasing speed results in decreasing
pressure. Although in blood flows the viscosity is
present, and the Bernoulli law is not applicable
precisely, nevertheless its general direction is
preserved and can be traced in the results of the
modeling carried out with the help of CFD. Thus,
pressure contours are additional proof that there is a
higher speed of blood flow in the place of stenosis.

On the other hand, the decrease in pressure caused
by the stenosis is associated with the rise of
hydraulic resistance. In case of normal functioning
of the artery without any obstruction, the pressure
changes in such a way that it continuously drops
down due to the effect of viscous friction on the
surface of the artery. With the appearance of
stenosis, the pressure drops additionally due to
increased hydraulic resistance.

Indeed, in the region below the constriction's throat,
partial recovery of the pressure profile occurs due
to the increased diameter of the duct and slowing
down of the flow. Nonetheless, the pressure cannot
recover to its initial value entirely since part of the
flow's energy is spent during the process of viscous
dissipation. The described pressure recovery pattern
is one that can often be observed in experiments
and numerical simulation related to the topic of the
flow of fluids through constricted channels.

It should be noted that from the medical
perspective, the described pressure drop effect is
crucially important for practice. Indeed, if there is
substantial pressure drop below the stenosis, the
subsequent perfusion will be difficult, as well as a
vessel's mechanical state will be altered. This, in
turn, may have effects on endothelial cell function
and abnormal shear stress generation, which may
accelerate the onset of the disease. Although the
current investigation assumes an idealized two-
dimensional geometry, the numerical simulation
conducted in accordance with the CFD
methodology vyielded results that were in good
agreement with the results of similar studies of
vascular stenosis.

The pressure contours provide further evidence to
the accuracy of the results produced by the velocity
field calculation, carried out by applying the PINN
model. The truth of this matter is that the region
where pressure is minimal is located at the same
location where velocity is the greatest, according to
the CFD and PINN models, which proves that
physical laws underlying flow estimation are
correct. Even though it is impossible to make direct
comparisons between pressure contour predictions
and those provided by neural networks in the
framework of the present study, it should be noted
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that qualitative resemblance between the two is
indicative of validity of the chosen methodology.

Overall, pressure contour calculations prove the
existence of expected hemodynamic consequences
of vessel narrowing, which include increased
velocity, decreased pressure, and pressure
restoration after the narrowing. These facts help to
prove validity of the results obtained in the course
of velocity analysis and support the argument that
the hard-constrained PINN model takes into
account major physical phenomena.

The results achieved within the present study
illustrate the ability of hard-constrained PINNs to
describe  incompressible blood flow within
idealized vein geometries both in the absence and
presence of stenosis. Healthy vein results showed
an excellent agreement between the numerical
solution and the Poiseuille analytic solution, with a
relative L2 error of less than 0.1% and satisfaction
of the no-slip boundary condition imposed on the
architecture level. Moreover, the stenosed vein test
illustrated the potential of the suggested approach
for capturing main hemodynamic consequences of
the stenosis, such as acceleration of the blood flow
and changed velocity profiles.

A major benefit of the methodology used in the
present paper lies in its mesh-free nature. The
suggested approach does not require any
computational mesh generation and discretization
of the considered domain like traditional CFD
methods do; PINNSs learn the solution using only
the spatial coordinates. Such an approach
eliminates many  issues  connected  with
preprocessing, providing more freedom when
handling complex shapes. This aspect becomes
especially relevant as more and more patient-
specific vascular models emerge.

Finally, another important contribution associated
with the use of PINNSs relates to the enforcement of
hard constraints. It is typical for the use of the
classic PINN method to involve enforcing
boundary conditions through penalties added to the
loss function. Even though this way works in many
cases, the employment of soft constraints may lead
to some of the boundary conditions being slightly
violated. However, this research project has used

analytical shape functions to incorporate the
boundary condition associated with the walls into
the neural network. Thus, the no-slip condition
could be satisfied perfectly everywhere, which was
indicated by the zero velocities at the walls.

What is more, it would seem that PINNs are
capable of approximating flow fields in blood
vessels using relatively small networks. Indeed, the
example associated with the healthy vein suggests
that a neural network is capable of producing
highly accurate approximations even when its size
is rather small. Therefore, PINNs could be viewed
as efficient models for hemodynamics problems.
Most importantly, after being trained, they will be
able to produce predictions at any point in space.

However, several weaknesses should be considered
despite such positive outcomes. First of all, it is
necessary to point out the fact that the current
research has not involved the accurate solution of
the Navier-Stokes equation based on the
minimization of its residual. While the healthy vein
model training process used the exact Poiseuille
flow solution, the same approach could not have
been applied to the stenosed vein model because of
the need for an artificial target profile generation.

In addition to that, the chosen shape of the stenosis
in the current research is rather idealistic; namely, it
is an axisymmetric one. In accordance with the
information provided in the available literature,
actual vascular stenosis has much more
complicated shapes, and they are not only
asymmetric but also curved. Consequently, the
obtained results can be considered purely
benchmarking ones.

One last limitation relates to the assumption of
steady-state flow. Flow of blood in vivo is
inherently pulsed due to the function of the heart
and thus leads to varying velocity and pressure over
time. The inclusion of this aspect would require
more complex PINN formulations involving other
time parameters as well. Another fact is that the
flow of blood in vivo is non-Newtonian in
behavior; however, this effect is ignored since
assumptions regarding the Newtonian nature of
blood have been made.
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Last but not least, although CFD analysis was
performed to validate our PINNs predictions, it
should be mentioned that such an analysis was
qualitative in nature. This was due to the fact that
the velocity-pressure relationship exhibited by
SimScale  output  matched our  physical
expectations, whereby high flow velocities yielded
low pressures. Comparison between the two
methods point by point will have to await future
studies.

Another interesting direction to pursue in this field
is the inclusion of PINNs in conjunction with
medical images. That would make it possible to
develop efficient models which could be used in
diagnostics, planning, and individual assessment of
cardiovascular risks. The development of such
models would contribute to the development of
scientific machine learning approaches in the field
of biomedical engineering.

Thus, summarizing all discussed above, one may
state that the application of hard-constrained PINNs
in solving vascular issues is promising. Of course,
there are several obstacles that should be overcome
before the technology reaches practical applications
in the clinics. Nonetheless, the results obtained in
this paper make us believe that there is great
potential for future researches in this field.
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